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CLASSICAL PHYSICS

CLASSICAL CONSERVATION LAWS

Conservation of Energy: The total sum of energy (in
all its forms) is conserved in all interactions.

Conservation of Linear Momentum:

In the absence

of external force, linear momentum is conserved in
all interactions (vector relation). naustalgic

Conservation of Angular Momentum: In the absence
of external torque, angular momentum is conserved
in all interactions (vector relation).

Conservation of Charge: Electric charge is conserved

in all interactions.

Conservation of Mass: (not valid)
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MAXWELL’'S EQUATIONS

. N _q
Gauss’s law for electricity ~ @E*dA =—

S
G o @A =0
Faraday's law QF-ds=- ddFtB
Generalized Ampere’s law @B-dSI me, d(lj:tE +ml

LORENTZ FORCE LAW
Lorentz forcelaw: F=gE+qv” B

NEWTON'S LAWS

Newton’s first law: Law of Inertia An object in motion
with a constant velocity will continue in motion unless
acted upon by some net external force.

Newton’s second law: The acceleration a of a body is
proportional to the net external force F and inversely
proportional to the mass m of the body. F=ma

Newton’s third law: law of action and reaction The
force exerted by body 1 on body 2 is equal and
opposite to the force that body 2 exerts on body 1.

LAWS OF THERMODYNAMICS

First law of thermodynamics: The change in the
internal energy DU of a system is equal to the heat Q
added to the system minus the work W done by the
system.

Second law of thermodynamics: It is not possible to
convert heat completely into work without some other
change taking place.

Third law of thermodynamics: It is not possible to
achieve an absolute zero temperature.

Zeroth law of thermodynamics: If two thermal
systems are in thermodynamic equilibrium with a
third system, they are in equilibrium with each other.

FUNDAMENTAL FORCES

FORCE SRTERI’_EANT ('3\/TEH RANGE
Strong 1 Short, ~10°m
Electroweak
Electromagnetic 10° Long, 1/r?
Weak 10° Short, ~10°m
Gravitational 10°% Long, 1/r?
ATOMIC MASS

The mass of an atom is it's
atomic number divided by the
product of 1000 times
Avogadro's number.

atomic number
1000" N,

KINETIC ENERGY

The kinetic energy of a particle (ideal 3KT
gas) in equilibrium with its K=——
surroundings is: 2

PHASE SPACE

A six-dimensional pseudospace populated by
particles described by six position and velocity
parameters:

position: (XY, 2 velocity: (v, Wy, V)
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RELATIVITY

WAVELENGTH |
C = speed of light 2.998 x 10® mis
c= 1 =In | = wavelength [m]
me, N = (nu) radiation frequency [Hz]

A= (angstrom) unit of wavelength
equal to 10 m
m = (meters)

Michelson-Morley Experiment indicated that light was
not influenced by the “flow of ether”.

LORENTZ TRANSFORMATION
Compares position and time in two coordinate
systems moving with respect to each other along axis
X.

- 2
x&& (0= t- vx/c
V1- V2 /c? N1- V2 c?

V = velocity of (X',y’,z") system along the x-axis. [m/s]
t =time [9]
C = speed of light 2.998 x 10® mis

v 1
orwith b=— and g=—F———
c Vi- V2 ic?

so that X¢= g(x- Vt) and t¢= g(t- bX/C)

TIME DILATION
Given two systems moving at great speed relative to
each other; the time interval between two events
occurring at the same location as measured within the
same system is the proper time and is shorter than
the time interval as measured outside the system.

TS T,
Vi-V2/c? V1- V?/c?
T o, To = the proper time (shorter). [s]

T, T' = time measured in the other system [m]

V = velocity of (X',y’,z") system along the x-axis. [m/s]
C = speed of light 2.998 x 10® mis

T= or |TC= where:

LENGTH CONTRACTION
Given an object moving with great speed, the
distance traveled as seen by a stationary observer is
Lo and the distance seen by the object is L', which is
contracted.

L¢
L, =———=—=| where:

V1- V2 /c?
Lo = the proper length (longer). [m]

L' = contracted length [m]

V = velocity of (X',y’,z") system along the x-axis. [m/s]
C = speed of light 2.998 x 10® mis

LIGHT WAVEFRONT
Position of the wavefront of a light source located at
the origin, also called the spacetime distance.

X2+y2+ 22:C2t2

Proper time Ty The elapsed time between two events
occurring at the same position in a system as
recorded by a stationary clock in the system (shorter
duration than other times). Objects moving at high
speed age less.

Proper length Lo a length that is not moving with
respect to the observer. The proper length is longer
than the length as observed outside the system.
Objects moving at high speed become longer in the
direction of motion.

RELATIVISTIC VELOCITY ADDITION
Where frame K' moves along the x-axis of K with
velocity v, and an object moves along the x-axis with
velocity u,’ with respect of K', the velocity of the
object with respect to K is uy.

K LN _ ug+v
u =—=>-"+——+—
‘ \:U’ 1+ (v/c?)ug

If there is v, or u, within the K' frame then
uf ug

e s J /
ggl- (v/<")ugd 98- (v/c
Uy = velocity of an object in the x direction [m/s]
V = velocity of (X',y’,z") system along the x-axis. [m/s]
C = speed of light 2.998 x 10° mis
9= 1U~1- V?/c?

For the situation where the velocity u with respect to the K
frame is known, the relation may be rewritten exchanging
the primes and changing the sign of v.

u and U, =

y =
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SPACETIME DIAGRAM

The diagram is a means of representing events in two
systems. The horizontal x axis represents distance in the K
system and the vertical ct axis represents time multiplied by
the speed of light so that it is in units of distance as well. A
point on the diagram represents an event in terms of its
location in the x direction and the time it takes place. So
points that are equidistant from the x axis represent
simultaneous events.

1
Worldline e
v =025
gope=S=Log
ope= v - b = ///
//
///
////
///
//
/// 1
v X
dope=—=b=025
/
- X

A system K’ traveling in the x direction at ¥%the speed of
light is represented by the line ct’ in this example, and is
called a worldline. The line represents travel from one
location to another over a period of time. The slope of the
line is proportional to the velocity. A line with a slope of 1
(dashed line in illustration) indicates travel at the speed of
light, so no worldline can have a slope less than 1. A
straight line indicates zero acceleration. Simultaneous
events occurring att =t' = 0in the K’ system may be
represented by points along the X' axis. Other
simultaneous events in the K’ system will be found on lines
parallel to the x' axis.

SPACETIME INTERVAL Ds

The quantity DS’ is invariant between two frames of
reference with relative movement along the x-axis.

s?=x?- (ct)2 =x€ - (ctil)2

Two events occurring at different times and locations
in the K-frame may be characterized by their DS’
guantity.
2 2 2
Ds* = Dx* - (cDt)
lightlike - DS = 0: In this case, D% = ¢?Dt?, and the two
events can only be connected by a light signal.
spacelike - DS > 0: In this case, DX’ > ¢Dt?, and there
exists a K'-frame in which the two events occur
simultaneously but at different locations.
timelike - D < 0: In this case, D < ¢?Di?, and there
exists a K'-frame in which the two events occur at the

same position but at different times. Events can be
causally connected.

MOMENTUM p
hn
p=mv for a photon: p =—
c

p = momentum [kg-m/s], convertible to [eV/c] by multiplying
by c/q.

M = mass of the object in motion [kg]

V = velocity of object [m/g]

N = (nu) the frequency of photon light [HZ]

C = speed of light 2.998 x 10° mis

RELATIVISTIC MOMENTUM p
p=9gnu| where:

p = relativistic momentum [kg-m/s], convertible to [eV/c] by
multiplying by c/q.

g=1/v1- U/ &
m = mass [kg]
U = velocity of object [m/s]
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DOPPLER EFFECT
Given two systems approaching each other at velocity
v, light emitted by one system at frequency n, (nu,
proper) will be perceived at the higher frequency of n
(nu) in the other system.

n= \]1+ b n For two systems receeding from
1-b 0| each other, reverse the signs.

N = (nu) the frequency of emitted light as perceived in the
other system [HZ]

Np = (nu) the proper frequency of the emitted light (lower
for approaching systems) [Hz]. Frequency is related
to wavelength by c =1 n.

b = vic where v is the closing velocity of the systems (Use a
negative number for diverging systems.) and c is the
speed of light 2.998 x 10° mis

V = velocity of (X',y’,z") system along the x-axis. [m/s]

MOMENTUM-ENERGY RELATION
(energy)? = (kinetic energy)? + (rest energy)?

E* = p’c®>+m’c’| where:

E = total energy (Kinetic + Rest energies) [J]
p = momentum [kg-m/s]

m = mass [kg]

C = speed of light 2.998 x 10® mis

RELATIVISTIC KINETIC ENERGY K
Relativistic kinetic energy is the total energy minus
the rest energy. When the textbook speaks of a 50
Mev patrticle, it is talking about the particle's kinetic
energy.

K =gnc®- me?| where:

K = relativistic kinetic energy [J], convertible to [eV] by

dividing by q.
g=1/+1- V?/c?
m = mass [kg]

C = speed of light 2.998 x 10® mis

REST ENERGY E,
Rest energy is the energy an object has due to its
mass.

E, =mc’

BINDING ENERGY
- the potential energy associated with holding a system
together, such as the coulomb force between a hydrogen
proton and its electron

- the difference between the rest energies of the individual
particles of a system and the rest energy of a the bound
system

- the work required to pull particles out of a bound system
into free particles at rest.

- 2
EB =amc - I\/IboundglstemC
i

2

for hydrogen and single-electron ions, the binding
energy of the electron in the ground state is

mz2%e*
Ee=
2h (4pq)

Eg = binding energy (can be negative or positive) [J]
m = mass [kg]

Z = atomic number of the element

€ = g = electron charge []

#i = Planck's constant divided by 2p [J-S]

€ = permittivity of free space 8.85 x 102 F/m

C = speed of light 2.998 x 10® mis

TOTAL ENERGY E
Total energy is the kinetic energy plus the rest
energy. When the textbook speaks of a 50 Mev
particle, it is talking about the particle's kinetic
energy.

E=K +E, or|[E=gnc®| where:

E = total energy [J], convertible to [eV] by dividing by q.
K = kinetic energy [J], convertible to [eV] by dividing by g.
Eo = rest energy [J], convertible to [eV] by dividing by q.
g= 1/+1- V3/c?

m = mass [kg]

C = speed of light 2.998 x 10° mis

LINE SPECTRA
Light passing through a diffraction grating with
thousands of ruling lines per centimeter is diffracted
by an angle qg.
dsing=nl
The equation also applies to Young's double slit

experiment, where for every integer n, there is a
lighting maxima. The off-center distance of the

maximais y =Itanq

d = distance between rulings [m]

g = angle of diffraction [degrees]

N = the order number (integer)

| = wavelength [m]

| = distance from slits to screen [m]
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WIEN'S CONSTANT PHOTON

The product of the wavelength of peak intensity | [m] A photon is a massless particle that travels at the
and the temperature T [K] of a blackbody. A speed of light. A photon is generated when_an
blackbody is an ideal device that absorbs all electron moves to a lower energy state (orbit).
radiation falling on it. Photon energy: E=hn= pC [Joules]

| . T=2898 10° mx

hn
Momentum: P =-— [kg-m/s], convertible to [eV/c] by
c

STEFAN-BOLTZMANN LAW multiplying by c/q.

c
May be applied to a blackbody or any material for Wavelength: | = H [meters]

which the emissivity is known.
RT)=esT* where: h = Planck's constant 6.6260755x10* J-S.; |
N = (nu) frequency of the electromagnetic wave associated
R(T) = power per unit area radiated at temperature T with the light given off by the photon [HZ]
[Wi/n] C = speed of light 2.998 x 10® m/s
€ = emissivity (e = 1 for ideal blackbody)
= constant 5.6705 x 108 W/(m* K%
T = temperature (K)

PHOTOELECTRIC EFFECT

This is the way the book shows the formula, but it is a
units nightmare.

PLANCK'S RADIATION LAW

_2pc’h 1
I(,T)= 5 g g where:

%mvfm =€eV,=hu-f| where:

lm\,ﬁm = energy in Joules, but convert to eV for the
2

[(I, T) = light intensity [W/(m* )]

formula by dividing by q.
| = wavelength [m]

€V, = potential required to stop electrons from leaving the

T = temperature [K] metal [V]
C = speed of light 2.998 x 10° m/s hn = Planck's constant [6.6260755x10°* J-s] multiplied by
h = Planck's constant 6.6260755x10* J-s the frequency of light [Hz]. This term will need to be
K = Boltzmann's constant 1.380658x10> JK divided by q to obtain eV.
f = work function, minimum energy required to get an
positron — A particle having the same mass as an electron to leave the metal [eV]

electron but with a positive charge
bremsstrahlung — from the German word for braking
radiation, the process of an electron slowing down INVERSE PHOTOELECTRIC EFFECT
and giving up energy in photons as it passes through hc
matter. eV, =hu,, =——| where:

min

€V = the kinetic energy of an electron accelerated through
a voltage Vo [eV]
hn = Planck's constant [6.6260755x10°* J-s] multiplied by

the frequency of light [Hz]. This term will need to be
divided by g to obtain eV.

| min = the minimum wavelength of light created when an
electron gives up one photon of light energy [m]

DUANE-HUNT RULE

1.2398" 10°
min V0
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ELECTRON ANGULAR MOMENTUM
from the Bohr model:

where:

L = angular momentum [kg-m?/s7|

m = mass [kg]

V = velocity [m/s]

r = radius [m]

N = principle quantum number

#i = Planck's constant divided by 2p [J-S]

a, BOHR RADIUS [m]

The Bohr radius is the radius of the orbit of the
hydrogen electron in the ground state (n=1):

2
- 4pe0h and for higher r =an?
% rneeZ states (n>1): n =%

Ao, I'n = Bohr radius 5.29177x10™ m, quantized radius [m]
€ = permittivity of free space 8.85 x 102 F/m

Me = electron mass 9.1093897x10°*" [kg]

€ = g = electron charge []

N = principle quantum number

#i = Planck's constant divided by 2p [J-S]

HEAD-ON SCATTERING

When a particle of kinetic energy K and atomic
number Z, is fired directly at the nucleus, it
approaches to rn,, before reversing direction. The
entire kinetic energy is converted to Coulomb
potential energy. Since rp, is measured to the center
of the particles, they will just touch when r;, is the
sum of their radii.

_Z22¢€
4pe,K

I'min = particle separation (measured center to center) at the
time that the bombarding particle reverses direction

[m]

other variables are previously defined

min

IMPACT PARAMETER b
The impact parameter b is the distance that a
bombarding particle deviates from the direct-hit
approach path, and is related to the angle g at which it
will be deflected by the target particle.

b:ﬁcotg

8pe, K 2

b = direct path deviation [m]

Z1 = atomic number of the incident particle

Z, = atomic number of the target particle

€ = g = electron charge []

€ = permittivity of free space 8.85 x 102 F/m
K = kinetic energy of the incident particle Z;

g = angle of particle Z; deflection or scattering

COMPTON EFFECT

The scattering of a photon due to collision with a
single electron results in a new wavelength | ' and a
directional change of Bq and is described by the
following relation:

D =l¢ | :1(1- cosq)
mec

scattered photon

p= h recoil electron
A electron at rest Ef - Ee
Ei = mc2
The f relations come from the conservation of
momentum:

h_ h
p,: —=-—cosq+ p,cosf
I 1¢
: Dszin = p.snf
p, T q=Pe
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RUTHERFORD SCATTERING

A particle of kinetic energy K and atomic number Z;
when fired at a target film of thickness t and atomic
number Z,, will be deflected by an angle q.

Nntee? 6 2227
N = - 172
(9) 16 &4pe, i r’K2sin*(qg/2)

N(Q) = number of particles scattered per unit area [m?]
g = angle of particle Z; deflection or scattering

N; = total number of incident particles [kg]

N = number of atoms per unit volume [m? |, = rNANy

]
where r is density [g/m®], Na is Avogadro's number, Ny is the
number of atoms per molecule, and Mg is the gram-molecular
weight [g/mol€].

t = thickness of the target material [m]

€ = g = electron charge []

€ = permittivity of free space 8.85 x 102 F/m

Z1 = atomic number of the incident particle

Z, = atomic number of the target particle

I = the radius at which the angle q is measured [m]
K = kinetic energy of the incident particle Z;

ELECTRON VELOCITY

This comes from the Bohr model and only applies to
atoms and ions having a single electron.

, ol Z€ ez
" nidpen 2/pemr
\—_v.—/

n-dependent r -dependent

V = electron velocity [m/s]

Z = atomic number or number of protons in the nucleus
€ = g = electron charge []

N = the electron orbit or shell

€ = permittivity of free space 8.85 x 102 F/m

Me = mass of an electron 9.1093897x10°* kg

#i = Planck's constant divided by 2p [J-S]

I = the radius of the electron's orbit [m]

PROBABILITY OF A PARTICLE
SCATTERING BY AN ANGLE GREATER

THAN g
77,06

f= pnt(;—122 2 cot2d
&8peK g 2

f = the probability (a value between 0 and 1)
N = number of atoms per unit volume [m? |, = rNANy

]
where r is density [g/m®], Na is Avogadro's number, Ny is the
number of atoms per molecule, and Mg is the gram-molecular
weight [g/mol€].

t = thickness of the target material [m]

Z1 = atomic number of the incident particle

Z, = atomic number of the target particle

€ = g = electron charge []

€ = permittivity of free space 8.85 x 102 F/m
K = kinetic energy of the incident particle Z;

g = angle of particle Z; deflection or scattering

ELECTRON ORBIT RADIUS

This comes from the Bohr model and only applies to
atoms and ions having a single electron.

- 4pe,n°h’
" mzée
I'n = electron orbit radius in the n shell [m]
other variables are previously defined

& RADIAL ACCELERATION

a; = the radial acceleration of an orbiting
electron [m/s} V2

V = tangential velocity of the electron [m/s] a =—
= electron orbit radius [m]

Alpha particle: Z=2
Proton: Z=1
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Ry RYDBERG CONSTANT

Ry is used in the Bohr model and is a close
approximation assuming an infinite nuclear mass. R
is the adjusted value. These values are appropriate
for hydrogen and single-electron ions.
Z%" M

R= % where m), = MV
4pch® (4pe,) m +M
Ry = Rydberg constant 1.09678x10" m* (1.096776x10” m™

for hydrogen)

m = adjusted electron mass
Z = atomic number, or number of protons in the nucleus

€ = permittivity of free space 8.85 x 102 F/m
C = speed of light 2.998 x 10® mis

#i = Planck's constant divided by 2p [J-S]
Me = mass of an electron 9.1093897x10°* kg

M = mass of the nucleus (essentially the same as the
mass of the atom b atomic number x 1.6605x10%) [kg]

BRAGG'S LAW
X-ray Scattering - X-rays reflected from a crystal
experience interference effects since rays reflecting
from the interior of the material take a longer path
than those reflecting from the surface. Compare to
ELECTRON SCATTERING below.

\
N
v\

i =2dsng ¢TSI g0

e s o o s o dsng
N = order of reflection (number of lattice planes in depth)

| = wavelength of the incident wave [m]

d = distance between lattice planes (interatomic spacing
in this case) [m]

g = angle of incidence; the angle between the incident
wave and the surface of the material

La MOSELEY'S EQUATION

British physicist, Henry Moseley determined this
equation experimentally for the frequency of L, x-
rays. L, waves are produced by an electron decaying
from the n=3 orbit to the n=2 or L orbit.

n,

= 2 R(Z- 7.4)°
36
N = (nu) frequency [HZ]
C = speed of light 2.998 x 10® mis
R = Adjusted Rydberg constant (see above) [m™]

Z = atomic number or number of protons in the nucleus

SPECTRAL LINES

This formula gives the wavelength of light emitted
when an electron in a single-electron atom or ion
decays from orbit n, to n,.

& 0
1 = ZZR(‘;i2 - i2+
I eh n, g

| = wavelength [m]

Z = atomic number or number of protons in the nucleus
R = Rydberg constant (1.096776x10” m™ for hydrogen)
N, = the lower electron orbit number

Ny = the upper electron orbit number

ELECTRON SCATTERING
Electrons directed into a crystalline material are
scattered (reflected) at various angles depending on
the arrangement of lattice planes. There is more
than one set of lattice planes in a crystal. The
technique can be used to explore the characteristics
of a material. Compare to BRAGG'S LAW above.

. L] 3 ] . 02\

N = order of reflection (number of lattice planes in depth)

| = wavelength of the incident wave [m]
D = interatomic spacing [m]
d = distance between lattice planes [m]
= angle between the incident and reflected waves

K CLASSICAL KINETIC ENERGY
Two expressions for kinetic energy:
2
P k=3
2m 2
lead to a momentum-temperature relation for
particles:

p® = 3mkT

p = momentum [kg-m/s]

m = particle mass [kg]

K = kinetic energy [J]

Kk = Boltzmann's constant 1.380658x10% JK

T = temperature in Kelvin (273.15K = 0°C, DK = DC)
(see page 5 for RELATIVISTIC KINETIC ENERGY)

Tom Penick tomzap@eden.com
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WAVES Y SUM OF TWO WAVES

(see also WaveSummingExample.pdf)

Y WAVE FUNCTIONS abk Dw, 0
2 2 Y,+Y,=2Acos¢— X- —tgcos(ka,x- W, t)
Classical Wave Equation 7Y :iﬂ Y 8 2 2 g 2
We did not use this equation: o V2 2 g Intermal wave
This wave function fits the classical form, but is not A = harmonic amplitude [various units?|
a solution to the Schréedinger equation: Dk = difference in wave numbers ki - ko [rad/m]
ave e wave angular phase kas = average wave number (ki + ko)/2 [rad/m]
\ \ number frequency /ConStant Dw = difference in angular ENVELOPE | r N""mfﬁm{_’
. \ / frequencies wi - w, L WAVE .
Y (x,t) =Asin(kx - wt + f) [rad/s] N
| 7
/T T Wy, = average angular AL LN A
distance  amplitude  distance time frequency (wi + Ws)/2 V/ / \ } \\ l \ { \ / V |
The negative sign denotes wave [rad/s] /
motion in the positive x direction, X =distance[m] @ FUONNU T SUUUUR UM O AU
assuming omega is positive. t = time [g] | i
More general wave functions which are solutions to Phase Velocity:
the SChrf)edinger equation are: =W / [m/s] Ve|ocity of a point on a wave
wave angular kﬁV
wave time number frequency
| / \ 7 Group Veocity:
klx Wt\A[COS(kX wt) + i sin(kx - wt)] — D/ Dk [m/s] speed of the envelope
dlstance dlstanctx time
amplitude The negative sign denotes wave
motion in the positive x direction,
assuming omega s posiive. | de BROGLIE WAVELENGTH
De Broglie extended the concept of |
k WAVE NUMBER waves to all matter. -
A component of a wave function 2p | = wavelength [m]

. . . k=2E
re_presentl_ng th.e wave (_jensny rel'c_ltlve to | h = Planck's constant 6.6260755x10°* J-s
distance, in units of radians per unit

distance [rad/m]. p = momentum [kg-m/s], convertible to [eV/c] by multiplying

by c/q.
W ANGULAR FREQUENCY WAVE UNCERTAINTIES
A component of a wave func_non . 2 This has to do with the effects of combining different
representing the wave density relative to 4P waves. In order to know precisely the position of the

time (better known as frequency), in units W ?

) ave packet envelope (Dx small), we must have a
of radians per second [rad/s]. wave p velope ( ), we mu v

large range of wave numbers (Dk large). In order to

know precisely when the wave is at a given point (Dt

small), we must have a large range of frequencies
Voh PHASE VELOCITY (Dw large). Another result of this relationship, is that

The velocity of a point on a wave, V. = I _w an electronic component must have a large bandwidth
[e.%.]the velocity of a wave peak Tk Dw in order for its signal to respond in a short time Dt.
m/s).
DkDx=2p DwDt =2p
Dk = the range of wave numbers, see WAVE NUMBER

f PHASE CONSTANT Dx = the width of the wave envelope
The angle by which the wave is offset from zero, i.e. Dw = the range of wave frequencies
the angle by which the wave's zero amplitude point is Dt = a time interval

offset from t=0. [radians or degrees].
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SCHRODINGER'S WAVE EQUATION
time-dependent form:

K + u = E
1 TPY (xt) SVY (x) =i T (x.t)
2m ¥ ’ Tt
time-independent form:
n* d% (x) _
- %V+V(x)y (x)=Ey (x)
2 2

or - h dy(ZX)IE-V(X)

2ny (x) dx

#i = Planck's constant divided by 2p [J-]

Y (x,t) = wave function

V = voltage; can be a function of space and time (X,t)
m = mass [kg]

PROBABILITY OF LOCATION
Given the wave function: Yy (X, t)

find the probability that a particle is located between
X1 and X.

¥
Normalize the wave function: 2(‘9 APy 2dx =1

X
with A known, find the probability: P = qz A%y %dx

Two separate solutions to the time-independent
equation have the form:

A + Be where kK = 2m(E-V)/h
or ASin(kX) + BCOS(kX)
Note that the wave number k is consistent in both
solutions, but that the constants A and B are not
consistent from one solution to the other. The values
of constants A and B will be determined from

boundary conditions and will also depend on which
solution is chosen.

&f, &°fi EXPECTATION VALUES

average value:

(x)=0,¥ * (¥)xy (x)dx

average X value:

<x2> = c‘iy *(x)x?y (x)dx

PROBABILITY

A probability is a value from zero to one. The
probability may be found by the following steps:

Multiply the function by its complex conjugate and
take the integral from negative infinity to positive
infinity with respect to the variable in question,
multiply all this by the square of a constant ¢ and set
equal to one.

¥
cQ,F*Fdx=1
Solve for the probability constant c.

o

The probability from x; to x; is: P = CZQ F*Fdx

ﬁ MOMENTUM OPERATOR
An operator transforms one function into another
function. The momentum operator is:

. .. d
=-1h—
P dx

For example, to find the average momentum of a
particle described by wave function y :

J N Y e..d o
= VY Py dx=Q y*otin—y od
<p> QY Pydx=qQ,y g' dxybx
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SIMPLE HARMONIC MOTION INFINITE SQUARE-WELL POTENTIAL

. . Lo or "Particle in a Box"
Examples of simple harmonic motion include a mass

on a spring and a pendulum. The average potential This is ";‘]C(’,”Clep,ttth";‘.t applies to V()
io At many physical situations.
energy equals the average kinetic energy equals half Consider a two-dimensional box A

of the total energy. In simple harmonic motion, k is in which a particle may be

the spring constant, not the wave number. trapped by an infinite voltage

k potential on either side. The X
spring constantk: W= \/: force: F = kx problem is an application of the 0 L

m Schrédinger Wave Equation.

The particle may have various energies represented by

: 1 .
potential energy V: V' = E kx waves that must have an amplitude of zero at each

boundary 0 and L. Thus, the energies are quantized. The

Schrédinger Wave Equation d? y a®Z- b probability of the particle's location is also expressed by a
y wave function with zero values at the boundaries.

for simple harmonic motion: dx?
o XO
where a2 :m_i( and b = 2mE Wave function: Yy n( ) ASH‘]g P
h h b
The wave equation solutions 22
are: y.=H ( ) ax's2 Energy levels: E, =n? P 5
2mL
erere Hn(X) are poly.nomlals Qf order n, where Probability of a particle being % .
n=0,12, - - and x is the variable taken to the power of n. found between x; and x: P= Q Y *Y dx
The functions Hn(x) are related by a constant to the Hermite -
polynomial functions. A= \/% normalization constant
,1/4 /4
_aa O ax?/2 _ad O f ax?/2 s 1
Yo e 2a xe a useful identity: SIN°g=-(1- cos2q
&pp " &po 4 2| )
,114
1 }
y,= @9 _(2ax2 _ 1)e ax?/2
8|O z 2

8|Dz f(xf)(zax 3o

...and they call this simple!

guantized energy levels: E, :E?Highw

The zero-point energy, or Heisenberg

limit is the minimum energy allowed by E, = l
the uncertainty principle; the energy at
n=0:

HEISENBERG UNCERTAINTY PRINCIPLE

These relations apply to Gaussian wave packets.
They describe the limits in determining the factors
below.

Dp,Dx3 #/2  DEDt3 h/2

Dpy = the uncertainty in the momentum along the x-axis
Dx = the uncertainty of location along the x-axis
DE = the uncertainty of the energy

Dt = the uncertainty of time. This also happens to be the
particle lifetime. Particles you can measure the mass
of (E=mc?) have a long lifetime.
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POTENTIAL BARRIER 3D INFINITE POTENTIAL BOX
When a particle of energy E V(x) Consider a three-dimensional box z y
encounters a barrier of me’ B with zero voltage potential inside _4
potential Vo, there is a YA the bo.x and |nf|n|tg voltage qutsude. L, L
possibility of either a A particle trapped in the box is N
reflected wave or a described by a wave function and k2
transmitted wave 0 L X has quantized energy levels. 0 L, X
Region! | Region i Region 1 Time-independent Schrodinger Wave Equation in three
for E> Vg dimensions:
kinetic energy: K =E-V, n? Py t” y .” y
+Vy =By
wave number: Kk =k, =+2mE /7 - 2m& ¥ ﬂyz 12 o
kII = 2m(E - Vo) Ih Wave equation for the 3D infinite potential box:
inci i = Agkix . X0 . O z O
incident wave: |, = Ae _' Y oo = Agnimlp Osin anpyo &Ep
reflected wave: j , = Be' ™ g éL ﬂ L3 g
transmitted wave: j ,, = Fe*
Lu — e _prPe n nd
2 Voz sin? (k” L) o} Energy levels: W om QE E LS
trans. probability: [T =¢l+ —————"+ e 9
4E ( E- VO) @ Degenerate energy levels may exist—that is, different
reflection probability' R=1-T combinations of n-values may produce equal energy
P Y: values.

for E <V, Classically, it is not possible for a particle
of energy E to cross a greater potential Vo, but
there is a quantum mechanical possibility for this
to happen called tunneling.

kinetic energy: K=V, - E
wave #, region 1l: K = 2m(V0 - E) Ih

2 - ..'l
N V, sinh?(kL) 6
trans. probability: |T :§1+—i
4E(V,- E) 5
when KL>1: T= 16Ea.eL E Ogron

Voe Voﬂ

Tom Penick tomzap@eden.com www.teicontrols.com/notes 12/12/1999 Page 13 of 22



SCHRODINGER'S EQUATION - 3D
SPHERICAL
spherical coordinate form:

o, 1 feg o 1 Ty 2m
r‘rt Trzran‘ﬂq m‘ﬁrarﬂnzq‘ﬂq2 hZ(E V)y =0

separation of variables using: vy (r,af)=R(r) f(q)g(f)

We can obtain a form with terms of g on one side and
terms of Rand f on the other. These are set equal to
the constant m% m turns out to be an integer.
Another seperation is performed for R and f and the
constant is I(I+1), where | is an integer. The three
equations are:

Azimuthal equation:

1dzg 2 i
= +m°=0 b g=Ad™
Radial equation:
[(I+1
1 de&g,dRo, Zan(E V)R- —— ) R=0
r drg dr g h r
Angular Equation:
1.d & dfo é 0
Jagang e d(141)- S0 ouf =0
sing dq dag & sin“qg
M = magnetic quantum number; integers ranging from -

to +l
| = orbital angular momentum quantum number
#i = Planck's constant divided by 2p [J-S]
E = energy
V = voltage; can be a function of space and time (X,t)
m = mass [kg]

NORMALIZING WAVE FUNCTIONS

To normalize a function, multiply the function by its
complex conjugate and by the square of the
normalization constant A. Integrate the result from
-¥ to ¥ and set equal to 1 to find the value of A. The
normalized function is the original function multiplied
by A.

To normalize the wave function Y (x):
N 2 23 2
QAY|dx @  A’Q Y7dx
Where Y is an even function, we can simplify to:

2A2QY dx and find A: 2A2QY2dx:1

Some relations for definite integrals will be useful in solving
this equation; see CalculusSummary.pdf page 3.

To normalize the wave function Y (r), where r is the radius
in spherical coordinates:

2
QriAY[dr @  A'Qrividr=1

Note that we integrate from O to ¥ since r has no negative
values.

To normalize the wave function Y (r,q,f):
A’y dr r2|AY [ §dgsing ) df =1
Qar ri|AY[" Qdasing g df =

Note that dr, dg, and df are moved to the front of their
respective integrals for clarity.

Rn(r) RADIAL WAVE FUNCTIONS
for the hydrogen atom

n I Rnl(r)

2

-r/ay
1 0 32 €

® roel™

2 0 W- — =
g ao (2a0)3/2
r e—rIZa0
2 1
aOJé(ZaO)SIZ
1 2 0 /s
3 0 —_— 27 18—+2 - %
a 312 81[3 a, ao g
1 4 & roOr
3 1 3,2—96-—;—6 o
(8,)" 8W6& & gy
1 4 r2 ¢ 13,

3 2 ( )3/28\/7

ag = Bohr radius 5.29177x10' m
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P(r)dr RADIAL PROBABILITY ATOMS

The radial probability is a value from 0 to 1 indicating
the probability of a particle occupying a certain area QUANTUM NUMBERS
radially distant from the center of orbit. The value is
found by integrating the right-hand side of the
expression over the interval in question:

N = principal quantum number, shell number, may have
values of 1, 2, 3, ...

| = orbital angular momentum quantum number,

P(I’) dr = rz |R(I’)|2 dr subshell number,.may have values of 0 to n-1. These
values are sometimes expressed as letters: s=0, p=1,
= orbit radius d=2, f=3, g=4, h=5, ...
R(r) = radial wave function, normalized to unity M = magnetic quantum number, may have integer values

from -l to +l for each I. (p251)

M = magnetic spin quantum number, may have values

P(r) RADIAL PROBABILITY DENSITY of +¥zor -%2
The radial probability density depends only on nand I. Then we introduce these new ones:

2 S =intrinsic quantum number, s=1/2 (p238)

‘ j = total angular momentum quantum number, j = | s,
but j is not less than 0. (p257)

M = magnetic angular momentum quantum number,
may have values from -j to +j (p257)

P(r)=r2‘R(r)

= orbit radius
R(r) = radial wave function, normalized to unity

Example, for n = 3:

an RADIAL EXPECTATION VALUE | = o 1 5
average radius (radial wave function): —
9 (¥ y ) ] = 1/2 1/2 3/2 3/2 512
=@ rP(r)dr=¢@ r*R(r)dr _ |veewz| w2z | 322 | a2aneiede | B2-32-02
< > Qo ( ) Qo ( ) m = +1/2 4312 +1/2 +3/2 +5/2
P(r) = probability distribution function P(r)=r?|R(r)] dr m = o |12lol+1l 22l o+l +
R(r) = radial wave function, normalized to unity me= | Y2 |2 |-v2 )12 2 2| U2 ) -2 )R
+1/2 +1/2 | +12 | 412 | +1/2 | +12 | 412 | +12 | +1/2

L ORBITAL ANGULAR MOMENTUM

Classically, orbital angular momentum is rr or mvr.
The orbital angular momentum L is a vector quantity.
It components are as follows:

Magnitude: L =h.l (| +1)

Z-axis value: L,=mn
The values of Ly and L, cannot be determined exactly but
obey the following relation:
2 _p2 2 2
P=2+12+L2

#i = Planck's constant divided by 2p [J-S]
= orbital angular momentum quantum number

M = magnetic quantum number; integers ranging from -
to +l

The orbital angular momentum quantum =01 2345
number was originally given letter values
resulting from early visual observations:
sharp, principal, diffuse, fundamental

spdf gh
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S SPIN ANGULAR MOMENTUM

The spin angular momentum is (insert some
illuminating explanation here).

Magnitude: . 7
S=ns(s+]) =nBa rhl

Z component:
S, =mh=+h/2

\
N[~
=t

MANY-ELECTRON ATOMS

J TOTAL ANGULAR MOMENTUM

The vector sum of the orbital angular momentum and
the spin angular momentum. This applies to 1-
electron and many-electron atoms.

J=L+S

J (the magnitude?) is an integer value from |L-§ to L+S.

SPECTROSCOPIC SYMBOLS

The energy state of an atom having 1 or 2 electrons
in its outer shell can be represented in the form

n2$+le

N = shell number

S= intrinsic spin angular momentum quantum number; ¥
for a single-electron shell, 0 or 1 (S, + ) for the 2-
electron shell

L = angular momentum quantum number; | for single-
electron shell, L; + L, for a 2-electron shell, expressed
as a capital letter: S=0, P=1, D=2, F=3, G=4, H=5, |=6.

j = total angular momentum quantum number j= | £s. I'm
not sure how to tell whether it's plus or minus, but |
think it has to be the lower value of j to be in the
ground state. j is positive only.

ALLOWED TRANSITIONS

The allowed energy level transitions for 1-electron
atoms are

Dn: any DI: *1 Dm: 0,#1 Dj: 0, %1

ZEEMAN SPLITTING ('zAY- mahn")

When a single-electron atom is under the influence of
an external magnetic field (taken to be in the z-axis
direction), each energy level (n=1,2,3,...) is split into
multiple levels, one for each quantum number m.
The difference in energy is:

DE =m,Bm

DE = difference in energy between two energy levels [J]

N% = Bohr magneton 9.274078x10°* J/T

B = magnetic field [T]

M = magnetic quantum number; integers ranging from -
to +l

ORDER OF ELECTRON FILLING

Here's a way to remember the order in which the
outer shells of atoms are filled by electrons:

m MAGNETIC MOMENT

Both the magnetic moment mand the orbital angular
momentum L are vectors:

i = e
2m
M = mass of the orbiting particle [kg]

Form groups of I-numbers like this. The first S
group is just the lowest value for I: s. The next ps
value of | is p; form a new group of p with s. dps
The third value of | is d; form the third group fdps
with d, p, and s. You get a list of groups like gfdps
this: hgfdps
Now, in a column, write each group twice 1s
beginning with the single s that is the first 2s
group. p
Next number each s beginning with 1, placing 3s
the number in front of the s. This is as far as p
| have gone with the list at right. 4s
The next step is to number each p beginning d
with the number 2. p
5s

Then number each d beginning with the f
number 3. d
Number each f beginning with 4, and so on. p
The result will be the order of filling (there are 6s
a few exceptions) and will look like this: f
1s 2s 2p 3s 3p 4s 3d 4p 5s 4d 5p 6s 4f 5d d
and so on. p
7s

and so on.
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g LANDE g FACTOR

A dimensionless number that helps make physics
complicated. Used in ANOMALOUS ZEEMAN
SPLITTING

J(I+1)+S(S+1)- L(L+1)

=1
9= 2J(3+1)

ALLOWED PHOTON TRANSITIONS

The allowed photon energy level transitions for many-
electron atoms are

DL: 1 DJ: 0, #1, but Jcan't transition from 0 to O.

DS 0 Dm: 0, £1, but can't transition from 0 to O
when DJ=0.

Other transitions are possible—just not likely.

g MINIMUM ANGLE BETWEEN J AND
THE Z-AXIS

There were exercises where we had to calculate this.
I don't know what the significance is. This is done
similarly for L and Sas well.

.5

Example: | =— 4
2 +%h
Cosq:l ® éfl
ndi(j+1) "2

i’ ® j il
cos’q=—- cos’Q=+—— 1
i(i+1) (j+1) 2h

. -3

J 2

cosq =, |—— 51

j*l

SPLITTING DUE TO SPIN

For each state described by Z
guantum numbers n, I, m, there +lh
are two states defined by the 2
magnetic spin numbers S=hl3/a
ms = +1/2. These two levels
have the same energy except 1
when the atom is influenced by B E——
an external magnetic field.

The lower of the two energy levels is aligned with
the magnetic field.

hc
oE| =75 |

DE = difference in energy between two (split) energy levels
ms=+1/2 [J]

Dl = difference in wavelengths for the transitions to the
ground state for each energy level [m]

= wavelength for the transitions to the ground state for

the lower of the two energy levels (the greater of the
two wavelengths) [m]

h = Planck's constant 6.6260755x10™* J-s

C = speed of light 2.998 x 10® mis

SPIN-ORBIT ENERGY SPLITTING
Spin-orbit energy splitting is the splitting of energy
levels caused by an internal magnetic field due to
spin. This produces a greater DE than the spin
splitting described above. p265

P.E.duetospin V =-1 B
aeen 0J,

z-component p =. g =z
32”15@7’

en
energy level difference |DE = g,—B

€= g = electron charge 1.6022x10%° C

#i = Planck's constant divided by 2p [J-S]

jz = z-component of the total angular momentum

DE = difference in energy between two (split) energy levels
ms=+1/2 [J]

Os = 2, the gyromagnetic ratio

Me = mass of an electron 9.1093897x10°* kg

B = internal magnetic field [T]
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ANOMALOUS ZEEMAN SPLITTING
("ZAY- mahn")

In addition to the Zeeman splitting of the m energy
levels described previously, and the spin-orbit energy
splitting described above, there is a splitting of the m
levels when an external magnetic field is present.
The difference in energy between levels is:

V =mB,.gm,
V = difference in energy between two energy levels [J]
N% = Bohr magneton 9.274078x10°* J/T

Bext = external magnetic field [T]

g = Landé factor [no units]

M = magnetic angular momentum quantum number; half-
integers ranging from — to +j

STATISTICAL PHYSICS

V¥, V, Vims MOLECULAR SPEEDS [m/s]

Maxwell speed 5 Yyme2 2
distribution: dV 4pCe \alo\Y,

V¥ most probable 2kT
speed: bm

V mean speed: V=

Vims 00t mean _ @ 1/2 3KT
square speed: (=)

V = velocity [m/q]

C = normalization constant

Kk = Boltzmann's constant 1.380658x10% JK
T = temperature [K]

M = mass of the molecule [kg]

b = the parameter VKT [J}]

ENERGY DISTRIBUTION
Derived from Maxwell's speed distribution:

8pC  pepur2
——e ' E
v2m'?

F(E)=

Fuse MAXWELL-BOLTZMANN FACTOR

The Maxwell-Boltzmann factor is a value between 0
and 1 representing the probability that an energy level
E is occupied by an electron (at temperature T). This
is for classical systems, such as ideal gases. One
way to determine if Maxwell-Boltzmann statistics are
valid is to compare the de Broglie wavelength | = h/p
of a typical particle with the average interparticle
spacing d. If | <<d then Maxwell-Boltzmann statistics
are generally acceptable.

Fus = A6 d

1/3

_aélo
SNQ;

A = normalization constant

b = the parameter VKT [J}]

d = space between atoms [m]

N = number of particles in volume V. Note that
Avogadro's number, 6.022x10%, is the number of
gas molecules in 22.4 liters, or 22.4x10° m® at 0°C
and 1 atmosphere. Also, gas volume is proportional
to temperature: Vi/T1=Vo/T,.
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Feo FERMI-DIRAC DISTRIBUTION

A value between 0 and 1 indicating the probability
than an energy state is occupied by an electron. The
Fermi-Dirac distribution is valid for fermions,
particles with half-integer spins that obey the Pauli
principle. Atoms and molecules consisting of an even
number of fermions must be considered bosons when
taken as a whole because their total spin will be zero
or an integer.

1
Fo=— " —
FD BlebE +1

B = normalization constant
b = the parameter VKT [J}]

Te FERMI TEMPERATURE

The Fermi temperature may be quite high, 80,000 K
for copper.

EF

T. =—F
Pk

Er = Fermi Energy [eV]
k = Boltzmann's constant 1.380658x102% JK

Fse BOSE-EINSTEIN DISTRIBUTION

The Bose-Einstein distribution is valid for bosons,
particles with zero or integer spins that do no obey
the Pauli principle. Photons, pions, and liquid *He are
bosons.

1

F_=——
% BeF-1

B, = normalization constant
b = the parameter VKT [J}]

ur FERMI SPEED

_ 2E,
The Fermi speed, |Ug =
m

1
comes from the definition: E_ ZEmuF

2

Er = Fermi Energy [eV]
M = mass (probably of the electron) [kg]

E- FERMI ENERGY [eV]

The Fermi energy depends on the density of electrons
in the material. The Fermi-Dirac distribution is
modified to include the Fermi energy:

_ 1
e@(E‘ Er)f +1

Fep =

The relationship between the Fermi energy and the
number density of particles is:

h? a8N &°
F T 8m&pl® g

Fep = Fermi-Dirac distribution, a value from 0 to 1
indicating the probability that an energy state is
occupied

b = the parameter VKT [J}]

h = Planck's constant 6.6260755x10°* J-s

M = mass of the particle [kq]

N/L® = number density of the particles [m™]

ENERGY STATES IN "PHASE SPACE"
The points in the 1/8 sphere represent the energy
states of a particle in a cube, see 3D INFINITE
POTENTIAL BOX p13.

Energy level at radius r integer
E 2 N i&acmg energy
=r e states

energy
levels

where E, = h? /8mL?
(a constant equal to 1/3 of

the ground state energy)

and r =n®+n? +n; \ Dr

and E is whatever energy
the problem is concerned
with.

N, Number of energy states in a sphere of radius r,
i.e. the number of energy states there are with energy
less than E:

3/2
adosd 50 &E 0
NI‘ = 28—£—pr3_ or NI‘ :Eg__
8083 ¢ 3éE g
where the factor of 2 is due to spin degeneracy, and the
factor of 1/8 is because the energy states only occupy 1/8
of the sphere where ny, ny, ns are all positive.

g(E) DENSITY OF ENERGY STATES
Number of states per unit energy

_P-s2pw2 DN dN
El=X E E)= r— r
g( ) 2E1 g( ) DE dE

N = number of energy states in a sphere of radius r
E; = a constant equal to 1/3 of the ground state energy
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n(E) DENSITY OF OCCUPIED STATES
Number of occupied states per unit energy

n(E) =Fq, *xg(E)
_19(E), for E<E;
_%O, for E>E;

Fep = Fermi-Dirac distribution, a value from 0 to 1
indicating the probability that an energy state is
occupied

at 7=0, n(E)
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APPENDIX

CONSTANTS

Avogadro’s number
[molecules/mole]

N, =6.0221367" 10*

Bohr magneton m, = 2q_h =0.27407836" 10°% JT
m

Boltzmann’s constant
or

Earth to Moon distance

Elementary charge

Electron mass

Neutron mass

Proton mass

Permittivity of free space

Planck’s constant

Rydberg constant

kT @ room temperature
Speed of light

Speed of sound (air 0°C)

1 A (angstrom)
1 nm (micron)
1nm=10A=10" cm
l1ev=16x10"1
1v=1JC

IN/C=1V/m

k =1.380658" 10 JK
K =8.62" 10" eVIK
»384" 10° m
q=160"10"C

m, =9.1093897" 10°*" kg
m, =0.51100 Mev/c®
Moy =1.6749° 107 kg
Myyron = 939.57 MeV/c?
m, =1.6726231" 10 * kg
m, =938.27 Mev/c*

e, =8.8541878" 10" F/im

h=6.6260755" 10 Js

=414 10" eV-s

R=1.097373" 10’ m*

KT =0.0259 eV

c=2.998" 10° m/s

v, =331.29 m/s

108 cm =10""M™

10“ cm

273.15K = 0°C

1W=1JS=1VA
1J=1N- m=1C- V

BINOMIAL EXPANSION

(1+x)" =1+ nx+

When x is much less than 1: (1i X)n =1+nx

For |X|<1:

n(n- 1 X2 + n(n- )(n- 2) -
|

3!

WAVELENGTH SPECTRUM

Momentum: kK@>m x|>|= &V
q

S

UNITS

Energy: Joules x eV
q
Mass: Kgx|=—|=eVic®
q

c

BAND METERS ANGSTROMS
Longwave radio 1-100 km 108 - 10%
Standard Broadcast | 100 - 1000 m 10%2 - 108
Shortwave radio 10-100m 101 - 10
TV, FM 0.1-10m 10° - 10
Microwave 1-100 mm 107 - 10°
Infrared light 0.8 - 1000 mm 8000 - 10’
Visible light 360 - 690 nm 3600 - 6900

violet 360 nm 3600

blue 430 nm 4300

green 490 nm 4900

yellow 560 nm 5600

orange 600 nm 6000

Red 690 nm 6900
Ultraviolet light 10 - 390 nm 100 - 3900
X-rays 5-10,000 pm 0.05- 100
Gamma rays 100 - 5000 fm 0.001 - 0.05
Cosmic rays <100 fm < 0.001

GREEK ALPHABET

A a alpha | i iota R r rho
B b beta K Kk kappa S s sigma
C c chi L | lambda |T t tau
D d delta M m mu U u upsilon
E e epsion |N n nu W w omega
F f phi O o0 omicron | X X xi
G g gamma |P p pi Y Yy psi
H h eta Q g theta Z 7z zeta
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TRIG IDENTITIES
2sinhx=¢*- e*
2coshx =€ +e”*
" =cosx+isinx
sin(A+B)=sin AcosB+cosAsinB

i2sinx=¢g*- g™
2cosx =" +e™

cos(A+ B) =cosAcosBFsin AsinB
LR ey
sinA+sinB=23inaeﬂgcosaeﬂg
&2 5 &2 g

+B& R
cosA+cosB = ZcosaaA B gcosaeﬂg
&€ 25 &2 p

GEOMETRY
SPHERE ELLIPSE
Area A=4pr? Area A=pAB
Circumference

2 2
L»2p la wZLb

Volume V = g pr?

COORDINATE SYSTEMS
Cartesian or Rectangular Coordinates:
r(x,y,2) =xx+yy+2zz

rl=x2+y?+2*

Spherical Coordinates:

X is a unit vector

P(r,q,f) ris distance from center

q is angle from vertical
f is the CCW angle from the x-axis

f, &, and f are functions of position—their
orientation depends on where they are located.

Cylindrical Coordinates:

C(r,f,z) risdistance from the vertical (2) axis

f is the CCW angle from the x-axis
zis the vertical distance from origin

COORDINATE TRANSFORMATIONS
Rectangular to Cylindrical:

Toobtain: A (r,f,z) = FA, +fA, + 2A,

A =X’ +y? f =Xcosf +ysinf

f=tantY f =-%sinf + ¥ cosf
X
z=12 z2=2
Cylindrical to Rectangular:
To obtain: r(X,Yy,2) = XX+ yy + 2z

X = r cosf X =1 cosf - f cosf
y=rsanf f =rsinf +y cosf
zZ=2 zZ=2

Rectangular to Spherical:
To obtain: A(r,q,f) =TA +éA1 +fAAf
A=y ?
r =Xsnqcosf +ysnqsnf +2zcosq
zcos*
lxz + yz + 72

e = Xcosqcosf +Yycosqgsanf - zsng

f=tantY f =-%sinf + ¥ cosf
X
Spherical to Rectangular:

To obtain: r(X,y,2) = XX+ Vyy + 2z

X =r gnqcosf

X =r snqcosf - écosqcosf - fanf
y=rdanqsnf

y=fsnqgsinf +écosqsnf +f cosf
Z=rcos(q 7=Fcosq- eésng
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